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An all-optical method to retrieve the temporal intensity profile of an extreme ultraviolet (XUV) attosecond
pulse is proposed based on XUV-assisted high-order harmonic generation (HHG) by an intense infrared (IR)
pulse. For a harmonic located on the XUV-induced high-energy plateau (beyond the IR HHG plateau), the
measured harmonic yield as a function of the time delay between the XUV and IR pulses is shown to accurately
map the temporal intensity profile of the XUV pulse. Single-color and two-color orthogonal, linearly polarized
IR pulses are used to demonstrate the method.
DOI: 10.1103/PhysRevA.101.013402
I. INTRODUCTION

Observations of ultrafast electron dynamics on
few-femtosecond and attosecond time scales have become
accessible by means of pump-probe experiments with isolated
attosecond pulses (IAPs) [1–6]. There are two available
sources for IAPs: IAPs based on high-order harmonic generation (HHG) [with relatively small outcome pulse energy
and duration of tens of attoseconds] [7,8] and IAPs based
on free-electron lasers (FELs) [with higher outcome pulse
energy and duration up to hundreds of attoseconds] [9,10].
It should be emphasized that a great advance of HHG-based
sources is the enhancement of output intensity by breaking the
limit of 1014 W/cm2 [11–14] and thus becoming competitive
with FEL-based sources. The temporal characterization of
an IAP typically employs attosecond streaking [15,16], i.e.,
measurement of the photoelectron spectrum produced by
the IAP and a few-cycle mid-infrared pulse as a function
of the time delay between the two pulses. Methods used to
completely characterize the temporal intensity and phase of an
IAP include frequency-resolved optical gating for complete
reconstruction of attosecond bursts [17], phase retrieval
by omega oscillation filtering (PROOF) [18], improved
PROOF [19], “Volkov Transform” generalized projections
algorithm (VTGPA) [20], multi-line VTGPA [8], phase
retrieval of broadband pulses (PROBP) [21], and PROBP
with autocorrelation [22]. All of these methods (except for
iPROOF [19]) are based on the strong-field approximation
for calculation of the photoelectron spectrum produced by
the probe pulse at each step of the iterative reconstruction
procedure. Although attosecond streaking methods are well
established for reconstruction of IAP envelopes and even their
carrier-envelope phases [23], photoelectron measurements
are characterized by smaller detection efficiencies and lower
signal-to-noise ratios than photon measurements. Hence, a
*
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few all-optical methods for characterization of an IAP have
been proposed, including spatially-encoded arrangement
for spectral phase interferometry for direct electric field
reconstruction (SPIDER)- and extreme ultraviolet SPIDER
[24], two in situ methods [25,26], and the recently developed
double-blind holography method [27].
In this paper we propose an all-optical method for direct
measurement of the temporal envelope of an IAP [produced
by any source of an intense extreme ultraviolet (XUV) radiation] without the necessity for an iterative reconstruction procedure. It involves the HHG spectrum produced by an infrared
(IR) laser pulse and a time-delayed XUV IAP. The method
requires the detection of the harmonic signal in the energy
region beyond the IR-driven plateau cutoff as a function of
the time delay between the IR pulse and the IAP. Our analysis,
which is based on an analytical parametrization of the HHG
amplitude and numerical solution of the three-dimensional
(3D) time-dependent Schrödinger equation (TDSE), shows
that the harmonic yield as a function of time delay mimics the
square of the IAP envelope, thereby providing a direct method
for extracting the temporal envelope of the XUV IAP.
This paper is organized as follows. In Sec. II we discuss
adiabatic results for the HHG amplitude in a strong IR field
assisted by a weak IAP. We investigate factorization of HHG
amplitude in the XUV-assisted channel in terms of laser factor
and photorecombination amplitude and suggest a retrieval
procedure for the IAP envelope from analysis of harmonic
yield as a function of time delay between IR and XUV pulses.
In Sec. III we analyze the accuracy of the suggested procedure
by comparison of our analytical results with results obtained
by numerical solution of the 3D TDSE for two configurations
of the IR pulse: (1) a single-color IR pulse and (2) a twocolor IR pulse with orthogonally polarized components. Our
results are summarized in Sec. IV. In Appendix A we present
the explicit form of the laser factor for HHG amplitude in
terms of ionization and recombination times. In Appendix B
we provide mathematical justification for the uncertainty in
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recombination times. Atomic units (a.u.) are used throughout
this paper unless specified otherwise.
II. THEORETICAL BACKGROUND
A. Factorization of XUV-assisted HHG amplitude
for the short IAP

The XUV field can modify the IR-driven HHG process in
two alternative ways. The first way consists in modification
of the ionization step in the three-step scenario of HHG [28]
and consists in replacing of tunneling ionization by the XUV
single-photon ionization [29–32]. The second way is realized
by absorbtion of the XUV photon at the moment of recombination [33]. In the latter case, the HHG spectrum produced
by an intense IR pulse assisted by a weak (perturbative) XUV
pulse includes additional plateaus extending beyond the usual
HHG plateau produced by the intense IR pulse alone. These
new plateaus stem from the additional channels made possible
by the XUV pulse; e.g., absorption of an XUV photon at the
moment of IR-field-driven electron recombination results in
the formation of a two-plateau HHG spectrum with cutoff
energies separated by the energy of the XUV photon [33].
As shown in Ref. [33], the XUV-assisted HHG amplitude
for the case of a monochromatic XUV field can be factorized
as the product of a laser-induced factor, ã1 (h ), describing
tunneling and propagation in the intense IR field, and a
(1)
(E1 ),
two-photon (or Compton) recombination amplitude, frec
corresponding to absorption of an XUV photon and emission
of a harmonic photon of frequency h :
(1)
(E1 ),
Ã1 (h ) = F ã1 (h ) frec

(1)

where F is the strength of the XUV field, E1 = h − Ip −
 is the returning electron energy in the single-photon XUV
channel, Ip is the ionization potential of the atomic target, and
 is the carrier frequency of the XUV field.1
The laser-induced factor ã1 (h ) describes the ionization
and propagation steps of the three-step HHG scenario. For a
monochromatic XUV field, it mimics the behavior of a0 (h )
(i.e., the laser-induced factor for the IR field alone), ã1 (h ) =
a0 (h − ) [33]. In the low-frequency approximation within
time-dependent effective range (TDER) theory, the factor
a0 (h ) can be presented as a twofold integral over the times
t  and t associated with ionization and recombination times in
the three-step HHG scenario [33]:
 ∞  t

eih t−iS(t,t )
C0 1
dt
dt 
,
(2)
a0 (h ) = √
(t − t  )3/2
2π i 2π −∞
−∞
where C0 is the dimensionless asymptotic coefficient in the
field-free wave function of a bound s state at large distances,
S (t, t  ) is the classical action

1 t 2


S (t, t ) = Ip (t − t ) +
P (ξ ; t, t  )dξ ,
(3)
2 t

and P(ξ ; t, t  ) is the instantaneous (at the moment ξ ) momentum of an electron moving along a closed trajectory in the
time interval (t  , t ) in the IR laser field with vector potential
AIR (ξ ):


 t
1
1



AIR (ξ ) −
(4)
AIR (ξ )dξ .
P(ξ ; t, t ) =
c
t − t  t
In the quasiclassical approximation, the atomic factor a0 (h )
can be presented in terms of real electron trajectories [34–36]:

Q j a0( j) (h ),
(5)
a0 (h ) =
j

a0( j) (h )

where
is the TDER partial laser factor for the jth
closed classical electron trajectory in the IR field and Q j is the
Coulomb factor, which extends the TDER results to the case
of real atomic systems [37]. The explicit form of the factors
a0( j) and Q j can be found in Appendix A.
In order to generalize these results to the case of a short
XUV pulse, we employ the following form for the electricfield vector of an XUV pulse:
F XUV (t − τ ) = ẑFXUV fXUV (t − τ ) cos [(t − τ )],
 ∞


fXUV ( )e−i (t−τ ) d ,
fXUV (t − τ ) =

(7)

−∞

where FXUV , , τ , and fXUV (t ) are, respectively, the amplitude, carrier frequency, time delay, and temporal envelope of
the XUV pulse. We assume the Fourier transform 
fXUV ( )

has a pronounced maximum near  = 0. Then replacing

fXUV ( )ei( +)τ in Eq. (1) HHG amplitude for
F → FXUV 
the short XUV pulse can be found as a Fourier transform of
the “monochromatic” amplitude Ã1 (h ):
 ∞

fXUV ( )ei( +)τ
A1 (h ) =
FXUV 
−∞

(1)
× ã1 (h −  ) frec
(E1 −  )d .

(8)

If the frequency profile of the XUV pulse, 
fXUV ( ), has a

distinct maximum near  = 0 and the two-photon recombination amplitude is a smooth function of the absorbed photon
energy, so that


(1) 
 dfXUV ∂ frec
(1)
,

(9)
| fXUV (t − τ ) frec (h − Ip − )|  
dt ∂ 
one can evaluate the integral in Eq. (8) by replacing the  dependent recombination amplitude by its value at the carrier
frequency of the XUV pulse, i.e., at  = 0. This approximation results in the factorization of the HHG amplitude for
a short time-delayed XUV pulse in terms of a two-photon
recombination amplitude and a laser-induced factor:
(1)
A1 (h ) = FXUV eiτ a1 (h ) frec
(E1 ),
(10)
 ∞  t

ei(h −)t−iS(t,t )
C0 1
a1 (h ) = √
dt
dt 
(t − t  )3/2
2π i 2π −∞
−∞
 ∞


fXUV ( )e−i (t−τ ) d ,
×
(11)

1

It should be noted that although the analytical results for the
XUV-assisted laser factor were reported only for the case of a linearly
polarized monochromatic IR field the explicit form of the IR vector
potential AIR (t ) was not used explicitly in the derivations presented
in Ref. [33]. Thus the results of Ref. [33] are valid also for a short IR
pulse.

(6)

−∞

where the last integral in (11) is the temporal profile (7) of the
XUV pulse. Thus, the final form of the laser-induced factor
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for the short IR and XUV pulses within TDER theory is
 ∞  t
i(h −)t−iS(t,t  )
C0 1
e
a1 (h ) = √
dt
dt
(t − t  )3/2
2π i 2π −∞
−∞
× fXUV (t − τ ),
(12)
where S (t, t  ) is given by Eq. (3). Comparing Eqs. (2) and
(12) and taking into account Eq. (5), the laser factor a1 (h )
within the quasiclassical approximation may be presented in
terms of a0( j) (h − ) as follows:



a1 (h ) =
Q j a0( j) (h − ) fXUV tr( j) − τ ,
(13)
j

where tr( j) is the recombination time for the jth classical trajectory. The explicit form of the laser factor a1 (h ) indicates
that HHG yield on the XUV-induced plateau is maximized
for time delay coinciding with the recombination time of
the electron in the IR field, while in previous studies of
XUV-assisted HHG [29–32] the time delay was tuned to the
ionization time, which ensured maximal effects of IAPs on
harmonics generated in the IR plateau.
Since our basic result (13) was obtained within quasiclassical approximation, we provide an estimate for the accuracy
of this approximation, which assumes (1) smooth behavior of
(1)
frec
(E1 ) as a function of  [see discussion of Eq. (9)] and (2)
the applicability of the classical trajectories approximation.
Condition 2 gives a restriction on the temporal profile fXUV (t );
i.e., the characteristic time scale of the XUV envelope,
| fXUV /(dfXUV /dt )|, at the recombination time tr( j) − τ should
exceed the uncertainty in the recombination time tr( j) . This
uncertainty can be estimated using the time-energy uncertainty principle, δEδt ∼ 1. If E (t ) is the classical dependence
of the electron energy (in the field of the IR pulse) on the
recombination time [28], its variation is given by the first
derivative, δE = Ė (t )δt ≈ FIR2 δt/(4ω), for harmonics in the
middle part of the HHG plateau, and by the second derivative,
δE (t ) = Ë (t )δt 2 /2 ≈ FIR2 δt 2 /6, for cutoff harmonics [since
Ė (t ) tends to zero there] [34,35]. Thus, according to the
uncertainty principle, we find
 
δt = 1/Ė tr( j)
 
δt = 1/Ë tr( j)

1/2
1/3

 
4ω/FIR2 , Ė tr( j) = 0,
1/3

 
≈ 6/FIR2
, Ė tr( j) = 0,
≈

(14a)
(14b)

where FIR and ω are the characteristic peak field strength and
carrier frequency of the IR pulse. (See Appendix B for more
details.)

where a1( j) ≡ Q j a0( j) (h − ). The interference term [second
line of Eq. (15)] can be omitted if (1) the duration of the
IAP, TXUV , is much smaller than the minimum difference

in recombination times, TXUV
min(|tr( j) − tr( j ) |); or (2) the
harmonic yield for a given energy h is due to a single closed
classical trajectory. This suggests two alternative procedures
for retrieval of the IAP pulse envelope by measuring the HHG
yield vs time delay τ .
Procedure 1. Choose a harmonic h associated with two
or more well-separated electron trajectories. The harmonic
yield as a function of time delay τ will then comprise a
sequence of bursts at the recombination times tr( j) , separated
by the time differences between recombination events, each of
2
whose shapes replicates fXUV
(tr( j) − τ ). The relative height of
each burst is given by |a1( j) |2 . To reconstruct the IAP temporal
envelope, one should normalize all bursts to unity and then
overlap the different scaled yields in order to form a single
burst replicating the square of the XUV pulse envelope with
higher accuracy than for a single jth burst alone.
Procedure 2. Choose a harmonic h associated with a
single electron trajectory with recombination time tr(0) . The
harmonic yield vs time delay τ will then mimic the square of
2
the XUV pulse envelope, fXUV
(tr(0) − τ ).
III. NUMERICAL RESULTS

We now proceed to illustrate retrieval procedures 1 and 2
by accurately calculating the XUV-assisted HHG spectrum
for the hydrogen atom for two cases: a single-color linearly
polarized IR pulse and a two-color IR pulse with linearly
polarized orthogonal components.
A. Single-color IR field

For a single-color linearly polarized IR pulse, we represent
the electric field of the pulse as
F IR (t ) = ẑFIR fIR (t ) cos ωt,

(16)

where its envelope is fIR (t ) = sin2 (πt/TIR ) for 0 < t < TIR
and zero otherwise, and TIR is its total duration. The XUV
pulse is parametrized according to Eq. (6).
Numerical calculations were carried out for a fivecycle IR pulse (TIR = 20 fs) with peak intensity IIR = 2 ×
1014 W/cm2 , ω = 1 eV, and an XUV pulse with  = 41 eV
and IXUV = 2 × 1014 W/cm2 for (1) a Gaussian envelope,

B. Retrieval procedures

fXUV (t ) = fG (t ),


2 ln 2 t 2
,
fG (t ) = exp − 2
TXUV

Using (13), the yield of harmonics on the XUV-induced
plateau, Y1 (h , τ ), is given by
  ( j) 2


a  f 2 t ( j) − τ
Y1 (h , τ ) = |A1 (h )|2 ∝
XUV r
1

with XUV pulse durations (full width at half maximum of the
intensity) of TXUV = 202 and 303 as (two- and three-cycle
pulses); and (2) a tailored pulse with the envelope given by
two shifted Gaussian functions:



+
a1( j)
j, j  , j = j 

j


 



∗
a1( j ) fXUV tr( j) −τ fXUV tr( j ) −τ ,
(15)

fXUV (t ) = fG (t − τ− ) + 2 fG (t − τ+ )/3,

(17)

(18)

where τ± = ±4π /. For the single-color linearly polarized
IR field, the 3D TDSE was solved for the Coulomb potential
by expanding the wave function in spherical harmonics [38].
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FIG. 1. (a) HHG yield for a five-cycle IR pulse field (16),
with TIR = 20 fs and ω = 1 eV, and a Gaussian XUV pulse (17),
with frequency  = 41 eV, TXUV = 202 as, and τ = 10.95 fs. The
IR and XUV pulse peak intensities are the same: IIR = IXUV =
2 × 1014 W/cm2 . Vertical dashed and dot-dashed lines indicate the
harmonic energies h = 130 and 153 eV. (b) Color-coded timefrequency distribution of the HHG yield in (a).

In Fig. 1(a) we present the HHG spectrum for a Gaussian
XUV pulse (17) with TXUV = 202 as and a time delay τ ≈
10.95 fs. As shown in Fig. 1, the XUV field induces a second
plateau. To retrieve the XUV pulse envelope, we choose
two harmonic spectrum energies, h = 130 and 153 eV (see
Fig. 1). In principle, for h = 130 eV two (long and short) trajectories, the recombination times of which differ by ≈0.8 fs,
may contribute. However, as is seen from Fig. 1(b), only
the single trajectory contributes for h = 130 eV because the
duration of the XUV pulse is much less than 0.8 fs. For
h = 153 eV a single trajectory contributes, since its energy
lies beyond the XUV-induced plateau cutoff.
In Fig. 2(a) we present the harmonic yield for h = 130 eV
for a Gaussian XUV pulse envelope (17) as a function of
time delay, τ − τ0 , where τ0 ≈ 11.15 fs is the return time
for the extreme closed classical trajectory contributing to
the formation of the cutoff harmonic. There are two bursts,
separated by the difference in recombination times for short
and long trajectories. The relative heights of the two bursts
are given by the corresponding magnitudes |a1( j) |2 for the long
and short trajectories. To retrieve the XUV pulse envelope, we
use Procedure 1 and scale both bursts to the same height [see
the gray solid circles in Fig. 2(a)] and then overlap the burst on
the right to the one on the left (see the parallel arrows pointing
left). As a result, the set of transferred points (blue circles) and
the points for the first pulse (red triangles) perfectly reproduce
the original shape of the XUV pulse envelope. Note that the
accuracy of this retrieval method decreases as the XUV pulse
duration approaches the difference between recombination
times of short and long trajectories (which increases with

FIG. 2. An illustration of retrieval Procedure 1 (a) and Procedure
2 (b, c). Red lines with triangles show TDSE results for dependence
of HHG yield for harmonic energy h = 130 eV (a) and h =
153 eV (b, c) on the time delay τ − τ0 (where τ0 = 11.15 as) between
the single-color IR pulse (16) and Gaussian XUV pulse (17) with
TXUV = 202 as (a) and 303 as (b) and XUV pulse (18) with TXUV =
303 as (c). Blue solid curves show original XUV pulse envelopes.
The dashed gray curve with circles in (a) shows scaled dependence
of HHG yield on the time delay; blue solid circles show shifted data
points (see text for details). Carrier frequencies and intensities of the
IR and XUV pulses are the same as in Fig. 1.

increasing wavelength of the IR pulse); it also has a lower
limit for the XUV pulse duration given by the “resolution”
time, δt [see Eq. (14a)].
In Figs. 2(b) and 2(c) we present the dependence of the
harmonic yield on the time delay τ − τ0 for the harmonic
h = 153 eV and XUV pulses (17) and (18), respectively,
with TXUV = 303 as. For XUV pulses with TXUV = 303 as,
the harmonic yield as a function of time delay accurately
2
reproduces the square of the XUV pulse envelope, fXUV
(t ),
for both symmetric and asymmetric XUV IAPs. For shorter
IAPs (e.g., TXUV = 202 as), however, the retrieved envelope is much broader than that of the XUV pulse owing
to the comparable magnitudes of the XUV pulse duration
and the resolution time, δt ≈ 246 as, for the cutoff harmonic
[see Eq. (14b)]. Thus, for a single-color IR pulse, the single
trajectory Procedure 2 based on the cutoff harmonic has
much smaller accuracy than Procedure 1 based on the plateau
harmonic.
B. Two-color IR field with orthogonal polarizations

Procedure 2 can work, however, by using an alternative IR
field waveform that supports only a single trajectory contribution to the HHG spectrum. Such a waveform is realized for a
two-color field with linearly polarized, mutually perpendicular components [39,40]:
F IR (t ) = FIR fIR (t )[ẑ cos ωt − β x̂ sin 2ωt],

(19)

where β = 0.8 is the field strength ratio for the second and
first harmonics. In this case any harmonics in the middle part
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FIG. 4. Dependence of HHG yields on time delay τ − τ0 (where
τ0 = 10.73 fs) for harmonic energies (a) h = 130 eV and (b) h =
134 eV in the XUV-assisted HHG spectrum in Fig. 3. Intensities and
carrier frequencies are the same as in Fig. 1. The XUV pulse duration
is TXUV = 202 as. Red lines with triangles show the retrieved square
of the XUV pulse envelope; solid blue lines show the square of the
original XUV pulse envelope.

10−11
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FIG. 3. (a) HHG spectrum for a two-color IR field (19) with
β = 0.8 and a two-cycle XUV pulse (17) (TXUV = 202 as). Carrier
frequencies and intensities are the same as in Fig. 1. Vertical dashed
lines indicate the energy positions h = 130 and 134 eV. (b) Colorcoded time-frequency distribution of the HHG yield for the same
parameters as in (a).

of the plateau can be used to map the XUV pulse envelope.
The characteristic resolution time for harmonics in the middle
part of the plateau is determined by both the intensity and
the frequency of the IR field, δt ≈ 4ω/FIR2 . Since the frequency of the IR field is small, the resolution of the retrieval
Procedure 2 for the two-color IR field (19) increases in
comparison with that for the single-color case (16).
To demonstrate the Procedure 2 retrieval accuracy for the
two-color IR pulse (19), we calculate the XUV-assisted HHG
spectrum for a carrier frequency ω = 1 eV and peak intensity
IIR = 2 × 1014 W/cm2 . Unlike the case of a single-color linearly polarized IR pulse, we solve the 3D TDSE in Cartesian coordinates by a split-step method with a fast Fourier
transform [40,41]. To speed up the computations, rather large
spatial steps were used (0.325 a.u.). Therefore, in order to
obtain the correct H atom binding energy, Ip = 13.65 eV, we
employed a soft-Coulomb potential, U (r) = −αsech2 (r/a) −
tanh(r/a)/r with α = 0.3 and a = 2.17 [40,41]. The characteristic resolution time interval (14a) for the above IR pulse
parameters is δt ≈ 123 as. The HHG spectrum for the abovespecified IR pulse and a two-cycle Gaussian XUV pulse
(17) with time delay τ0 = 10.73 fs (corresponding to the
recombination time for the harmonic with energy 130 eV) is
shown in Fig. 3(a). The harmonics involving the absorption
of the XUV photon lie in the energy range 120 < h <
150 eV [see Fig. 3(b)]. We choose two harmonics from the
middle of this interval (see Fig. 3) to retrieve the XUV pulse
envelope.
In Fig. 4 we present the dependence of the harmonic yield
on the time delay τ − τ0 for two harmonics from the plateau
region in Fig. 3(a), h = 130 and 134 eV; τ0 = 10.73 fs is the
return time for the shortest electron trajectory for the harmonic

with h = 130 eV. One observes good agreement between
the retrieved and original XUV pulse envelopes. Note that
the position of the maximum for the retrieved pulse for h =
134 eV in Fig. 4(b) is shifted by 50 as with respect to that for
h = 130 eV in Fig. 4(a). This shift stems from the difference
in recombination times for these two harmonics. Thus, the
retrieval Procedure 2 using a two-color IR pulse (19) allows
one to measure the difference in recombination times for the
harmonics on an attosecond time scale, thereby providing an
alternative procedure for recollision time measurements (see
Ref. [42]). Note also that one can overlap the scaled harmonic
bursts for different harmonics similarly to Procedure 1 of
overlapping different trajectory bursts for the same harmonic
[as shown in Fig. 2(a)].

IV. CONCLUSION

To conclude, we have proposed an all-optical method for
reconstruction of an XUV IAP envelope from analysis of
XUV-assisted harmonic yields beyond the IR-induced HHG
plateau as a function of time delay between IR and XUV
pulses. The resolution of the method depends on the position
of the harmonic in the HHG spectrum: for harmonics on the
slope of an XUV-induced plateau, the resolution is determined
only by the intensity of the IR field, while for harmonics in
the middle part of the plateau the resolution increases with
decrease of the IR pulse carrier frequency. In addition, the
proposed method makes possible a direct mapping of electron
recombination time difference and relative contribution of
closed classical trajectories to the HHG yield as functions
of the harmonic energy. Finally, we note that experimental
realization of proposed retrieval schemes requires accounting
of medium effects [43–45], which can be minimized, so that
the HHG yield can be reduced to a single atom response
[46,47]. This makes possible realization of in situ methods
[25,26], measurement of ionization and recombination times
[42], and realization of proposed retrieval procedures due to
uniformity of nonlinear dynamics and propagation effects for
a harmonic with frequency h −  in the IR-plateau region
and XUV-induced harmonic h , which is given by the same
factors a0( j) [see Eqs. (5) and (13)].
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APPENDIX A: EXPLICIT EXPRESSIONS FOR THE
ADIABATIC APPROXIMATION RESULT FOR THE
LASER-INDUCED FACTOR

K 2j
where
K j + κ2
2

Ej = −

2 tj

⎡
⎣

(A1a)

= E1 −

2
2

K j ·K j
tj

Ej,

(A1b)

− F j · (K j − K j )

2
F j

−

K j

· F˙j

⎤
⎦,

(A2)

and E1 is the returning electron energy [E1 = h − Ip
for a0 (h ) and E1 = h − Ip −  for a1 (h )],

t j = tr( j) − ti( j) ,
κ = 2Ip ,
K j ≡ P(ti( j) ; tr( j) , ti( j) ),
K˙j ≡ ∂P(ti( j) ; tr( j) , ti( j) )/∂ti( j) , K j ≡ P(tr( j) ; tr( j) , ti( j) ), F j ≡

F IR (ti( j) ), Ḟ j ≡ Ḟ IR (ti( j) ), and F IR (t ) = −∂AIR (t )/∂ (ct ).
As shown in Ref. [36], a0( j) (h ) [and corresponding
a1( j) (h ) = a0( j) (h − )] has an explicit form in terms
of real classical times tr( j) and ti( j) :
a0( j) (h ) = a(tun)
a(prop)
(h ),
j
j

(A3)

where the propagation factor, a(prop)
, is given by
j
( j)

a(prop)
(h ) = i
j

e−iS(tr

,ti( j) )+ih tr( j)

t 3/2
K j · K̇ j
j

,

(A4)

where K˙ j ≡ ∂P(tr( j) ; tr( j) , ti( j) )/∂tr( j) and where the tunneling
, is given by
factor, a(tun)
j
=
a(tun)
j

C0
π





F  j − K j · Ḟ j ,
2

⎢
Rj = ⎢
⎣

κj =

(A5)

2Ip + K j .
2

Fj

1+

2

⎤Z/κ
2Fj



F j ,

2
K j
κ2

+

√2
3


1−

2
F j
4F 2j

⎥
⎥
⎦

,

(A6)

The adiabatic approach is justified by the smoothness of
the preexponential factors compared to the rapidly oscillating
exponential function in Eq. (12). In particular, the characteristic time scale of the XUV envelope, | fXUV /(dfXUV /dt )|, at the
time tr( j) − τ should exceed the vicinity of the recombination
time tr( j) , which gives the main contribution to the integral
in Eq. (12). This vicinity, δt, is determined by the second
derivative of the action S (t, t  ) at the recombination time tr( j) :

 ( j) ( j)  −1/2
1 ∂ 2 S tr , ti
,
(B1)
δt =
 ( j) 2
2
∂tr
where



∂ 2 S tr( j) , ti( j)
= K j · K˙ j = α j FIR2 /ω.
 ( j) 2
∂tr

(B2)

The parameter α j differs only slightly from one trajectory
to another; its value lies in the interval 0.45–0.55 for both a
linearly polarized IR pulse and a two-color IR pulse with linearly polarized mutually perpendicular components. Setting
α j ≈ 0.5, Eqs. (B1) and (B2) give Eq. (14a) of the main text
for δt, which may be interpreted as a quantum uncertainty in
the recombination time.
Near the high-energy cutoff, the second derivative of the
action tends to zero, so that the integration in (12) must be
treated in an alternate way [35]. In this case, the vicinity of the
extreme recombination time is given by the third derivative of
the action:

 ( j) ( j)  −1/3
1 ∂ 3 S t r , ti
δt =
,
(B3)
 ( j) 3
6
∂tr
where

κ3

κ e j

,
2 κjFj

Fj =

APPENDIX B: DERIVATION OF QUANTUM
UNCERTAINTIES [EQS. (14)]

− 3Fj

where
Fj =

( j) ( j)
R ,
Q j = Qstat

Z/κ
2κ 3
( j)
Qstat =
,
Fj
⎡

where Z is the charge of the residual atomic core.

The integrals in Eqs. (2) and (12) can be evaluated using the
adiabatic (or low-frequency) approximation of Ref. [36]. In
this approximation, the analytical result for the factors a0 (h )
and a1 (h ) can be presented in terms of real classical trajectories, Eqs. (5) and (13), defined by the corresponding real
initial (ionization), ti( j) , and return (recombination), tr( j) , times
[36]. These times are solutions of a system of transcendental
equations:
K j · K˙j = 0,

The Coulomb factor, Q j , in Eqs. (5) and (13) consists of
two factors [37]:



∂ 3 S tr( j) , ti( j)
2
= K j · K¨ j + K˙ j = δ j FIR2 ,
 ( j) 3
∂tr
2

(B4)

where K¨ j ≡ ∂ 2 P(tr( j) ; tr( j) , ti( j) )/(∂tr( j) ) . In Eq. (B4), the
spreading factor, δ j , is ≈1 for both a linearly polarized IR
pulse and a two-color IR pulse with linearly polarized mutually perpendicular components. Setting δ j ≈ 1, Eqs. (B3) and
(B4) give Eq. (14b) of the main text.
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